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We study the instability of a ring Bose-Einstein condensate under a periodic modulation of inter-
atomic interactions. The condensate exhibits temporal and spatial patterns induced by the paramet-
ric resonance, which can be characterized by Bogoliubov quasi-particle excitations in the Floquet
basis. As the ring geometry significantly limits the number of excitable Bogoliubov modes, we
are able to capture the non-linear dynamics of the condensate using a three-mode model. We
further demonstrate the robustness of the temporal and spatial patterns against disorder, which
are attributed to the mode-locking mechanism under the ring geometry. Our results can be ob-
served in cold atomic systems and are also relevant to physical systems described by the non-linear
Schro¨dinger’s equation.
A uniform system under periodic parametric modu-
lation in time can become unstable and develop a spa-
tial pattern [1]. During such a process, known as the
parametric resonance [2], the spontaneous breaking of
the spatial translational symmetry is typically accompa-
nied by the breaking of discrete temporal translational
symmetry, in the sense that the system acquires a pe-
riodic time evolution at different frequencies as that of
the parametric driving [1, 2]. Whereas the condition for
the occurrence of the parametric resonance is determined
by intrinsic properties of a system, the phenomena have
been experimentally observed in systems ranging from
liquids [1, 3] and solid-state configurations [4–6], to cold
atomic gases in oscillating traps [7]. Parametric reso-
nance and the ensuing dynamics have also been under
extensive theoretical study in a variety of distinct con-
figurations [8–23]. Further, it has been shown that para-
metric resonance can be suppressed by introducing space-
and time-modulated potentials [24, 25]. In most of these
previous studies, the geometry of the system and the
boundary condition typically play a minor role. However,
since the system geometry as well as the boundary condi-
tion have direct impacts on the form and the availability
of the elementary quasi-particle excitations, engineering
the system geometry is a promising route toward a bet-
ter understanding and control of the dynamic instability
following a parametric resonance.
In this work, we study the dynamic instability of a
quasi-one-dimensional Bose-Einstein condensate in a ring
trap. Under a small temporal periodic modulation of the
inter-atomic s-wave interactions, the uniform condensate
can become unstable against temporal and spatial pat-
terns due to the parametric resonance. We clarify the
onset of the resonance and the ensuing dynamics by ex-
amining the Bogoliubov quasi-particle excitations in the
Floquet basis, and find that the dynamics is dominated
by a very limited number of Bogoliubov modes under
the ring geometry. The system geometry thus not only
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FIG. 1. Illustration of the ring-trap geometry. See text for
detailed discussions.
significantly impacts the resonance condition, but also
suppresses higher-order excitations across multiple Flo-
quet bands. This enables us to reproduce the non-linear
dynamics using a simplified three-mode model [23].
Based on the three-mode model, we find that the over-
all time evolution is quasi-periodic with rich phase-space
contours. At short times, the condensate undergoes the
so-called 1/2 subharmonic resonance, where the conden-
sate oscillates with twice the period of the driving fre-
quency. While similar subharmonic resonances exist in
optical fibres with modulations in the mass term [23], in
our case, such a behavior can be explained by consider-
ing the scattering of condensate atoms into Bogoliubov
modes of two adjacent Floquet bands, where the wave
vectors of these Bogoliubov modes further determine the
spatial pattern. The amplitude of the fast oscillatory dy-
namics is subject to a slow periodic modulation, due to
the non-linearity of the system. Most interestingly, as
a result of the mode-locking mechanism enforced by the
ring geometry, both the short-time and the spatial oscilla-
tory patterns are robust against disorder. We also discuss
the gradual breakdown of the mode-locking mechanism
as the temporal modulation increases.
2Model and Gross-Pitaevskii equation:— As illustrated
in Fig. 1, we consider a Bose-Einstein condensate in a
ring-shaped toroidal trap of radius R and cross section
S. The condensate is tightly confined in the poloidal
direction, and is uniform in the toroidal direction. The
parametric resonance is introduced by periodically modu-
lating the s-wave interaction strength of the atoms, which
can be achieved, for example, by implementing an os-
cillating magnetic field near a magnetic Feshbach reso-
nance [26]. The dimensionless Hamiltonian of the system
can be written as (~ = 1)
Hˆ =
∫ 2π
0
dθ
[
−ψˆ†(θ) ∂
2
∂θ2
ψˆ(θ) +
U(t)
2
ψˆ†(θ)ψˆ†(θ)ψˆ(θ)ψˆ(θ)
]
,
(1)
where ψˆ and ψˆ† are the field operators for the conden-
sate, and θ is the azimuthal angle. The time-modulated
interaction rate U(t) = U0[1 + α cos(ωt)], where U0 is
the dimensionless interaction rate in the absence of time
modulation, and we assume α ≪ 1. Note that U0 can
be related to the s-wave scattering length as through
U0 = 8πasR/S. In Eq. (1) and throughout the work,
we choose the unit of length and energy to be R and
(2mR2)−1, respectively. We also define t0 = 2mR2,
which serves as the unit of time.
The dynamics of the condensate is determined by the
Gross-Pitaevskii (GP) equation
i
∂
∂t
ψ =
[
− ∂
2
∂θ2
+ U(t)N |ψ|2
]
ψ, (2)
where N is the total number of atoms, and the mean-field
wave function ψ = 〈ψˆ〉, with the normalization condition∫ 2π
0 |ψ|2dθ = 1. In the absence of interaction modulation,
the ground state of the condensate is uniform and stable,
so long as γ = U0N/2π > −1/2. When γ < −1/2, the
ground state supports a soliton solution [27]. Throughout
this work, we will focus on the simpler case of γ > −1/2.
We numerically study the dynamic response of the con-
densate density to the external modulation by evolving
the GP equation, starting from a uniform condensate.
When the frequency of the time modulation is within
a narrow resonance region, the originally uniform con-
densate becomes unstable toward the formation of spa-
tial and temporal patterns (see Fig. 2(a)(c)). This is in
sharp contrast to the system response at most modula-
tion frequencies, where condensate would be only slightly
perturbed (see Fig. 2(b)). We note that due to the ring
geometry, the dimensionless wave vector associated with
the spatial pattern is an integer. In the resonance re-
gion, the dynamic response of the condensate is quasi-
periodic, which features fast oscillations enveloped by a
periodic amplitude modulation at a much longer time
scale. The Fourier spectrum of the condensate density
features sharp peaks at ±ω/2 (see Fig. 2(d)), which cor-
responds to a 1/2 subharmonic oscillation.
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FIG. 2. (a) Response of the condensate density |ψ(0, t)|2 in
the resonance regime under a driving frequency ω = 7.48.
(b) Response of the condensate density in the non-resonant
regime under a driving frequency ω = 7.38. (c) The spatial-
temporal patterns in the resonance regime with ω = 7.48. The
spatial pattern here has a period of π, which corresponds to
a wave vector k = 2. (d) Fourier spectrum of the condensate
density I(ν) =
∫
|ψ(0, t)|2e−iνtdt under a driving frequency
ω = 2ǫk. In all panels, α = 0.2, U0 = −π/2.
Floquet analysis of the quasi-particle spectrum:— To
understand the dynamic response of the system follow-
ing the parametric resonance, we study the quasi-particle
excitation of the condensate. Following the Bogoliubov
theory, we expand the condensate wave function as ψ =
ψ0 + δψ, where ψ0 =
1√
2π
exp [−iµt− iαU0N2πω sin (ωt)] is
the solution of the GP equation Eq. (2) in the homoge-
neous case. As we focus on the case of small perturbation
with α≪ 1, we only keep terms up to linear order in δψ,
which satisfies
i
∂
∂t
δψ =
[
− ∂
2
∂θ2
+ 2U(t)N |ψ0|2
]
δψ + U(t)Nψ20δψ
∗.
(3)
We write δψ in the Floquet basis as δψ(θ, t) =
ψ0[u(θ, t)e
−iǫt − v∗(θ, t)eiǫt], where u(θ, t) =∑
m um(θ)e
imωt and v(θ, t) =
∑
m vm(θ)e
imωt. Here
m ∈ Z is the index for the Floquet bands. The quasi-
particle spectrum ǫ and the Bogoliubov coefficients
{um(θ), vm(θ)} can be solved by diagonalizing the
coefficient matrix in the Floquet basis [28, 29].
Instead of numerically diagonalizing the coefficient ma-
trix, we perform Bogoliubov transformation associated
with the time-independent case to the coefficient ma-
trix in momentum space. The diagonal elements in
the m-th Floquet band then become ±ǫp + mω, where
ǫp =
√
(p2 + γ)2 − γ2 and p is the dimensionless mo-
mentum. The off-diagonal elements, which couple dif-
ferent Floquet bands, are proportional to α and hence
small when the modulation is weak. From the full GP-
3equation calculations, we find that under the parametric
resonance, the dimensionless wave vector k associated
with the emergent spatial pattern satisfies ω ≈ 2ǫk. This
motivates us to focus on the momentum space close to
k. In this regime, the energy gap within a given Floquet
band is much larger than the energy gap between two
neighboring bands. It is then sufficient to consider pair-
wise the inter-band coupling between the m-th and the
(m−1)-th Floquet bands. Under such an approximation,
we derive the dressed quasi-particle spectra from [30][ −ǫp +mω 12 (rp + sp)2αγ
− 12 (rp + sp)2αγ ǫp + (m− 1)ω
] [
vm
um−1
]
= ǫ
[
vm
um−1
]
,
(4)
where the Bogoliubov modes in the m-th and the (m −
1)-th Floquet bands are coupled. Here, [rp, sp]
T is the
eigenvector in the α = 0 case with the eigenvalue ǫp.
The quasi-particle spectra is then given by
ǫ = (m− 1
2
)ω ± i
2
√
(rp + sp)4α2γ2 − (ω − 2ǫp)2, (5)
where it is apparent that the quasi-particle energy ac-
quires an imaginary part when |ω−2ǫp| < (rp+sp)2α|γ|.
This corresponds to the dynamic instability of the sys-
tem. The parametric resonance occurs when a discrete k
under the ring geometry happens to be lying in the nar-
row region |ω − 2ǫp| < (rp + sp)2α|γ| for any given mod-
ulation frequency ω. This requirement not only signifi-
cantly limits the available resonance region, but also sup-
presses higher-order scattering processes with nω ≈ 2ǫp
(n = 2, 3, ...). We note that this is quite different from
previous studies of the parametric resonance.
The condition for parametric resonance can be under-
stood in terms of inter-band phonon scattering between
different quasi-particle branches. As illustrated in Fig. 3,
a pair of condensed atoms in the m = 0 Floquet band are
scattered out of the condensate and into quasi-particle
states with opposite momenta in Floquet bands m = 0
and m = −1. As a result of the quasi-particle-pair exci-
tation, a standing wave should emerge in the condensate,
whose wave vector is determined by the discrete wave vec-
tor k satisfying |ω − 2ǫk| < (rk + sk)2α|γ|. Under such a
mode-locking mechanism, the system develops temporal
oscillations with frequencies sharply centered at −ω/2.
These analysis are in excellent agreement with the nu-
merical results in Fig. 2.
Three-mode model and long-time dynamics:— The
mode-locking mechanism of the ring geometry suggests
that we should be able to capture the dominant dynamics
of the system using a simplifed three-mode model, which
only takes into account the condensate mode p = 0 and
the two quasi-particle modes p = ±k.
We start from the second-quantized Hamiltonian
H =
∑
p
ǫ0pa
†
pap +
U(t)
2V
∑
p,p′,q
a†p+qa
†
p′−qap′ap, (6)
p
m=0
m=-1
m=-2
×
×
FIG. 3. Schematics on the scattering processes in a para-
metric resonance. Solid curves represent Bologliubov spectra
in different Floquet bands with indices m = 0 (blue) and
m = −1,−2 (red). While circles on the spectra represent
available states under the ring geometry, the filled and open
circles correspond, respectively, to the occupied and empty
states in the scattering process. The black arrows indicate
the dominant scattering process in a parametric resonance.
The blue dashed arrows indicate higher-order scattering pro-
cesses, which only occur when α becomes appreciable. The
red arrows indicate higher-order scattering processes which
are forbidden by the ring geometry.
where ap (a
†
p) is the annihilation (creation) operator for
atoms with momentum p. Under the three-mode approx-
imation discussed above, we only retain operators with
p = 0,±k. Applying the Heisenberg equations of motion
for the operators {aˆ0, aˆk, aˆ−k}, and taking the mean-field
approximation aˆj =
√
nje
iθj(t) (j = 0,±k), we have [30]
ρ˙k = 2U
′(1 − 2ρk)ρk sinϕ, , (7)
ϕ˙ = 2k2 + 2U ′(1 − 3ρk) + 2U ′(1 − 4ρk) cosϕ. (8)
Here, U ′ = UN/2π, ρj = nj/N , ϕ = 2(θ0 − θk), and
N = n0 + 2nk is the total atom number. Note that we
have assumed nk = n−k, θk = θ−k, due to the symmetry
of the scattering process.
The non-linear equations Eqs. (7) and (8) resemble
those characterizing the non-rigid-pendulum motion of
the dynamics of spinor condensates [31–33]. Similar to
the practice therein, we characterize the system dynam-
ics by calculating the phase-plane contour. From Eq. (8),
it is apparent that ϕ undergoes rapid oscillatory motion
with a frequency 2k2 + U0N
π
(1 − 3〈ρk〉t), which is essen-
tially the fast oscillation we see in Fig. 2(c). We therefore
define ϕ˜ = ϕ−ωt, and characterize the long-term dynam-
ics of the system with contour plots on the ρk-ϕ˜ plane.
As shown in in Fig. 4(a), the dynamics can be roughly
classified as a self-trapping phase, with closed contours
and ‘localized’ (ϕ˜); and a running phase, with (ϕ˜) taking
values from −π to π. Whereas the long-time dynamics is
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FIG. 4. (a)(b) Phase-plane contours of the dynamics under
the three-mode approximation, with the parameters α = 0.2,
and driving frequencies (a) ω = 7.48 and (b) ω = 7.38. In
both cases, the resonant wave vector is k = 2. (c)(d) Compar-
ison of ρk between results from the GP equation Eq. (2)(blue)
and under the three-mode approximation (red), with the pa-
rameters (c) α = 0.2 and (d) α = 1. (e) Population of modes
other than p = 0,±2 as a function of α, calculated using the
GP equation. Here ρ = 1 − ρ0 − 2ρk. (f) Fourier spectrum
of the condensate density I(ν) with ω = 7.48, α = 0.2 (blue)
and α = 1 (red). In all panels, U0 = −π/2. In (c)(d)(e)(f),
ω = 7.48.
characterized by the system going around a given contour
in Fig. 4(a), the occurrence of the parametric resonance
is indicated by the existence of the self-trapping phase in
the contour plot.
Our analysis so far is based on the perturbation theory,
assuming small temporal modulations. As the modula-
tion amplitude α increases, the mode-locking mechanism
would eventually breakdown. To understand the process,
we study the response of the system with larger α by solv-
ing the GP equation (9). As shown in Fig. 4(c)(d), the
three-mode approximation faithfully reproduces results
from the GP equation at a small α, but significantly de-
viates from the solution from GP equation for a larger
α, particularly at long times. This is due to the occupa-
tion of modes other than 0,±k, induced by higher-order
scattering processes under the large modulation ampli-
tude. In Fig. 4(e), we show the population of these other
modes as a function of α. As α increases, the occupation
of modes other than 0,±k increases only slightly. Their
impact on the overall dynamics as illustrated in Fig. 4(d)
therefore illustrates the highly non-linear nature of the
system.
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FIG. 5. Fourier spectra of the condensate density I(ν) near
ν = −ω/2 for: (a) Vd = 0 and q = 0 (blue solid), q = 0.2 (red
dashed); (b) q = 0 and Vd = 0(blue solid), Vd = 0.02 (red
dashed). The results are similar for I(ν) near ν = ω/2.
The impact of these other excitation mode is reflected
in the Fourier spectrum of the condensate density. In
Fig. 4(f), we show the spectrum at α = 1. Besides the
parametric resonance peak near ν/ω = −0.5, we identify
several smaller peaks at higher frequencies, which cor-
respond to higher-order inter-band scattering processes.
As illustrated in Fig. 3, these higher-order processes give
rise to small occupations at various momenta of different
Floquet bands. The interference between these modes
then contribute to the peaks in the Fourier spectrum.
For example, the leading-order contribution to the peak
near ν/ω = −2 comes from the interference between the
condensate at k = 0 and excitations in the m = −2 band
at k = 0.
Robustness of the mode-locking mechanism:— A
unique feature of our system is the robustness of both
the temporal and spatial patterns against disorder. This
is due to the mode-locking mechanism under the ring ge-
ometry. To demonstrate this, we introduce a disordered
GP equation
i∂tψ = [−∂2θ+V (θ)+U(1+αcos(ωt)cos(qθ))|ψ|2 ]ψ, (9)
where V (θ) = Vdg(θ) is a random potential in space
with its strength Vd, and g(θ) is the normal distribu-
tion. Another source of disorder comes from the term
cos(qθ) in the interaction, which gives a finite momen-
tum transfer q to the scattering processes in Fig. 2. We
numerically evolve the full GP equation (9), and plot
the Fourier spectrum of the resulting dynamics. As il-
lustrated in Fig. 5(a)(b), the dominant peak at −ω/2 is
robust against both types of disorder. On the other hand,
as the spatial pattern is dictated by wave vectors of the
Bogoliubov modes responsible for the fast oscillatory dy-
namics, it is also robust against both types of disorder.
In contrast, the long-time slow dynamics, being a result
of non-linearity, is not robust against disorder.
Conclusions:— We have studied the parametric reso-
nance of a Bose-Einstein condensate in a ring geometry.
As a result of periodic modulation of the inter-atomic in-
teraction strength, the condensate spontaneously breaks
spatial and discrete-time translational symmetry and de-
velops spatial and temporal patterns. A unique feature
5of the ring geometry is the mode-selection mechanism,
which significantly suppresses higher-order processes in
the dynamics and makes the system response robust to
disorders. Such a behavior is similar to the recently pro-
posed Floquet time crystals [34, 35], where the sponta-
neous breaking of discrete time-translational symmetry is
also robust against disorder [36, 37]. Our results can be
observed in cold atomic systems and are relevant to phys-
ical systems described by the non-linear Schro¨dinger’s
equation.
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